is called cyclic if the set of coordinates can be partitioned into two subsets, the set of Z 2 and the set of Z 4 coordinates, such that any cyclic shift of the coordinates of both subsets leaves the code invariant. We study the binary images of Z 2 Z 4 -additive cyclic codes.
A Z 2 Z 4 -linear code is a binary image of a Z 2 Z 4 -additive code, that is an additive subgroup of Z α 2 × Z β 4 . These Z 2 Z 4 -linear codes were first introduced by Rifà and Pujol in 1997, [12] , as abelian translation-invariant propelinear codes. Later, an exhaustive description of Z 2 Z 4 -linear codes was done by Borges et al. in [4] . The structure and properties of Z 2 Z 4 -additive codes have been intensely studied, for example in [2] , [3] , [9] .
In [1] , Abualrub et al. define Z 2 Z 4 -additive cyclic codes. A code in Z α 2 × Z β 4 is called cyclic if the set of coordinates can be partitioned into two subsets, the set of coordinates over Z 2 and the set of coordinates over Z 4 , such that any cyclic shift of the coordinates of both subsets leaves the code invariant. These codes can be identified as submodules of the Z 4 [x]-module
In [10] , the authors give necessary and sufficient conditions for a binary code to be Z 4 -linear, and for the binary image of a code over Z 4 to be a linear code. In [16] and [17] , Wolfmann studies the condition for the image of a cyclic code over Z 4 of odd length to be linear. Moreover, he proves that the cyclic structure is preserved after a convenient permutation of coordinates.
The aim of this paper is to determine all Z 2 Z 4 -additive cyclic codes with odd β whose Gray images are linear binary codes. Furthermore, the binary generators of the linear image of a Z 2 Z 4 -additive cyclic code are determined under the Nechaev-Gray map.
II. PRELIMINARIES
A. Z 2 Z 4 -additives codes
, it is also isomorphic to a commutative structure of the form Z Let X (respectively Y ) be the set of Z 2 (respectively Z 4 ) coordinate positions, so |X| = α and |Y | = β. Unless otherwise stated, the set X corresponds to the first α coordinates and Y corresponds to the last β coordinates. Let C X be the binary punctured code of C by deleting the coordinates outside X. Define similarly the quaternary code C Y .
Let C b be the subcode of C which contains all order two codewords and let κ be the dimension of (C b ) X , which is a binary linear code. For the case α = 0, we write κ = 0. With all these parametres, we say that the code C is of type (α, β; γ, δ; κ). Moreover, in [4] , it is shown that C is permutation equivalent to a Z 2 Z 4 -additive code with standard generator matrix of the form:
where I k is the identity matrix of size k × k; T b , S b are matrices over Z 2 ; T 1 , T 2 , R are matrices over Z 4 with all entries in {0, 1} ⊂ Z 4 ; and S q is a matrix over Z 4 .
A Z 2 Z 4 -additive code C is said to be separable if C = C X × C Y . Otherwise the code is said to be non-separable.
The Nechaev permutation is the permutation σ on Z 2n 2 with n odd defined by
where τ is the permutation on {0, 1, . . . , 2n − 1} given by
Let ψ be the map from Z n 4 into Z 2n 2 defined by ψ = σφ, with n odd. The map ψ is called the Nechaev-Gray map, [17] .
The extended Gray map Φ and the extended Nechaev-Gray map Ψ are the maps from Z
B. Z 2 Z 4 -additive cyclic codes
Cyclic codes have been a primary area of study for coding theory, [11] . Recently, the class of Z 2 Z 4 -additive cyclic codes has been defined in [1] .
, where
There exists a bijection between
given by:
Therefore, as it is common in the studies of cyclic codes, any codeword is identified as a vector or as a polynomial.
From now on, the binary reduction of a polynomial p(x) ∈ Z 4 [x] will be denoted byp(x).
-module with respect to this multiplication.
In the following, a polynomial
will be denoted simply by p.
Using the polynomial representation, an equivalent definition of Z 2 Z 4 -additive cyclic codes is the following.
From [1] , if β is odd, we know that if C is a Z 2 Z 4 -additive cyclic code then it is of the form
where
, and we can assume that deg(ℓ) < deg(b). In this case we have that
. From now on we consider that β is odd. Then f , g and h are pairwise coprime polynomials. Since h and g are coprime, there exist polynomials λ and µ, that will be used later along the paper, such that
Lemma 2 ([5, Corollary 2]). Let C be a Z 2 Z 4 -additive cyclic code of type (α, β; γ, δ; κ) with
We can put the generator matrix (1) in the following form, [5] .
Theorem 3 ([5, Theorem 5 and Proposition 6]). Let C be a Z 2 Z 4 -additive cyclic code of type
and
Note that if C is a Z 2 Z 4 -additive cyclic code then C X and C Y are a cyclic code over Z 2 and a cyclic code over Z 4 generated by gcd(b, ℓ) and (f h + 2f ), respectively (see [11] , [15] ). The following example illustrates that the converse is not true in general. Nevertheless, the next theorem shows that if the Z 2 Z 4 -additive cyclic codes is separable then the converse is satisfied. Proof. Let C be a separable Z 2 Z 4 -additive cyclic code. Let u ∈ C X and u ′ ∈ C Y . Then (u | 0) ∈ C and π(u | 0) = (π(u) | 0) ∈ C which gives that π(u) ∈ C X . Therefore, C X is cyclic. Similarly,
If both C X and
C is cyclic. The polynomial representation follows immediately from the standard form of the generator polynomials given in (2) since the code is separable.
III. BINARY IMAGES OF Z 2 Z 4 -ADDITIVE CYCLIC CODES
It is well known that for a Z 2 Z 4 -additive code C, the binary code Φ(C) may not be linear, [9] .
, and denote the componentwise product as
, we have that
It follows immediately that Φ(C) is linear if and only if 2u * v ∈ C, for all u, v ∈ C.
Let p be a divisor of
with n odd and let ξ be a primitive nth root of unity over Z 2 . The polynomial (p ⊗ p) is defined as the divisor of x n − 1 in Z 2 [x] whose roots are the products ξ i ξ j such that ξ i and ξ j are roots of p.
A. Images under the Gray map
In [17] , the author characterizes all linear cyclic codes over Z 4 of odd length whose Gray map images are linear binary codes as it is shown in the following theorem.
Theorem 6 ([17, Theorem 20]). Let D = f h + 2f be a Z 4 -additive cyclic code of odd length
n, and where f hg = x n − 1. The following properties are equivalent.
2) φ(D) is a binary linear code of length 2n.
Our aim in this section is to give a classification of all Z 2 Z 4 -additive cyclic codes with odd β whose Gray images are linear binary codes. First, we will show that Theorem 6 is a necessary but not a sufficient condition for Z 2 Z 4 -additive cyclic codes.
Note that the converse is not true in general. The following example illustrates it. Before we will be able to determine the classification of Z 2 Z 4 -additive cyclic codes, we must introduce a couple of lemmas.
odd, and where
then Φ(C) is linear if and only if
In the case that φ(C Y ) is linear, we consider u, v ∈ C. We have that 2u
Note that the assumption of Lemma 8 is equivalent to say that b divides ℓg for a code
. Theorem 6 shows when a Z 4 -cyclic code D has linear binary image by φ. So our next objective is to give an analogous result for Z 2 Z 4 -additive cyclic codes.
In general, a Z 2 Z 4 -additive code has linear binary image if for vectors v and w of the last δ rows of (4) then 2v * w ∈ C, [9] .
Let C be a Z 2 Z 4 -additive cyclic code with generator matrix as in (4), and denote by C ′ the subcode generated by the last δ rows of (4) . Note that C ′ may not be a Z 2 Z 4 -additive cyclic code and that C ′ has a generator matrix of the form
Lemma 9. Let C be a Z 2 Z 4 -additive code with generator matrix (4) . Then, C has linear binary image if and only if the subcode C ′ generated by matrix (8) has linear binary image.
Proof. Let C ′ the subcode generated by the matrix (8) . Note that all the rows of the matrix (4) which are not in the matrix (8) 
such that C can be also generated by
β odd, and where f hg = x β − 1. The following properties are equivalent.
2) Φ(C) is a binary linear code of length α + 2β.
Proof. By Lemma 10,
has binary linear image. So, the question is when (ℓ ′ | f h) has linear image.
Since (b | 0) and (ℓg | 2f g) belong to C, we have
Consider the subcode C ′ generated by (ℓ ′ | f h) and 0 | 2f gb gcd (b,ℓg) . Since g and h are coprime
. Note that Φ(C) is linear if and only if Φ(C ′ ) is linear.
By Lemma 2, we can consider the polynomials
, (g ⊗g)) = 1.
The following result describes an infinite family of Z 2 Z 4 -additive cyclic codes with odd β whose Gray images are linear. Proof. Clearly, (g ⊗g) =g since the set of roots ofg is a multiplicative subgroup of the splitting
, (g ⊗g)) = 1. By Theorem 11, Φ(C) is linear.
In [9] , the authors show that there exist a Z 2 Z 4 -additive code for a given type (α, β; γ, δ; κ) which image is a linear binary code. Considering Theorem 11, the next example illustrates that this result is not true for Z 2 Z 4 -additive cyclic codes; i.e., for a given type (α, β; γ, δ; κ) there does not always exist a Z 2 Z 4 -additive cyclic code C with Φ(C) linear. 
IV. CONCLUSIONS
In this paper we have studied the binary images of Z 2 Z 4 -additive cyclic codes. We determine all Z 2 Z 4 -additive cyclic codes with odd β whose Gray images are linear binary codes and we have given the generators of the images under the Nechaev-Gray map as Z 2 -double cyclic codes.
